To understand the relation between the chiral symmetry breaking and monopoles, the chiral condensate which is the order parameter of the chiral symmetry breaking is calculated in the MS scheme at 2 [GeV]. First, we add one pair of monopoles, varying the monopole charges m c from zero to four, to SU(3) quenched configurations by a monopole creation operator. The low-lying eigenvalues of the Overlap Dirac operator are computed from the gauge links of the normal configurations and the configurations with additional monopoles. Next, we compare the distributions of the nearest-neighbor spacing of the low-lying eigenvalues with the prediction of the random matrix theory. The low-lying eigenvalues not depending on the scale parameter Σ are compared to the prediction of the random matrix theory. The results show the consistency with the random matrix theory. Thus, the additional monopoles do not affect the low-lying eigenvalues. Moreover, we discover that the additional monopoles increase the scale parameter Σ. We then evaluate the chiral condensate in the MS scheme at 2 [GeV] from the scale parameter Σ and the renormalization constant Z S . The final results clearly show that the chiral condensate linearly decreases by increasing the monopole charges.
Introduction
We want to show that monopoles are closely related to instantons and to chiral symmetry breaking by using the Overlap fermions, which preserve the chiral symmetry in the lattice gauge theory [1, 2] . In order to show the relation, we add one pair of one monopole and one anti-monopole by the monopole creation operator, which is developed in [3] .
In a previous work [4] the following results were derived: (i) One pair of a monopole with positive magnetic charge and an anti-monopole with negative magnetic charge creates instantons. (ii) The spectral density of the low-lying eigenvalues of the Overlap Dirac operator increases by increasing the monopoles charge. (iii) The chiral condensate decreases when increasing the monopole charge. (This result was directly computed from the eigenvalues.)
In this study, we generate the normal configurations by the standard heat-bath and overrelaxation methods. The action is the Wilson gauge action. The parameter set of the lattice is V = 14 4 , β = 6.00 (a/r 0 = 0.1863), and N con f = O(2 × 10 3 ). We generate configurations with additional monopoles varying the magnetic charges m c . We use the same parameter set and standard methods as for the normal configurations. The number of configurations is N con f = O(2 × 10 3 ) for each value of the magnetic charge. We compute low-lying eigenvalues and eigenvectors of the Overlap Dirac operator from the gauge links of these configurations by solving the eigenvalue problem. (The details are in Ref. [4] . We increase the number of the configurations for this study.) [Section 1.1, 1.2]
Next, in order to investigate effects of the additional monopoles, we compute the actual level spacing and the unfolding level spacing, using the low-lying eigenvalues of the Overlap Dirac operator. We compare the distributions of the nearest-neighbor spacing with the prediction of the random matrix theory [5] . We then compare the low-lying eigenvalues without depending on the scale parameter Σ with the prediction of the random matrix theory [6] . Our results are compatible with the results in the literature, and are consistent with the predictions of the random matrix theory. Therefore, we evaluate the scale parameter Σ by two different ways [5, 6] . We discover that the scale parameter Σ increases by increasing the charge of the monopoles [Section 2].
Finally, we compute the renormalization constant Z S from the pseudo-scalar masses which are computed from the correlation functions. We precisely evaluate the chiral condensate from the scale parameter Σ and the renormalization constant Z S in the MS scheme at 2 [GeV] [7] . The chiral condensate in the continuum limit is
, which is calculated from normal configurations, and interpolated by using five different values of the lattice spacing. Here, the final results clearly show that the chiral condensate in the MS scheme decreases by increasing the monopole charges [Section 3].
Overlap Dirac operator
The massless Overlap Dirac operator D(ρ) is defined from the massless Wilson Dirac operator D W (ρ). The massless Wilson Dirac operator D W (ρ) is defined with the (negative mass) parameter ρ = 1.4 as follows:
The lattice spacing is a. Using the massless Hermitian Wilson Dirac operator H W (ρ), the massless Overlap Dirac operator D(ρ) is transformed as follows:
ε is the sign function.
We solve the eigenvalue problem by the Arnoldi method using the ARPACK subroutines, and save O(60− 80) pairs of low-lying eigenvalues and eigenvectors of the Overlap Dirac operator. The improved eigenvalue (being projected onto the imaginary axis) is a pure imaginary number, close to the values in the continuum limit [8] . These eigenvalues always appear in pairs of opposite sign on the imaginary axis, that is as ±iλ imp . In this study we use the improved "positive" eigenvalue λ imp , and omit the superscript from now on in this report.
Monopoles
We consider monopoles with positive charges m c = 0, +1, +2, +3, +4 and anti-monopoles with negative charges −m c = 0, −1, −2, −3, −4. We add one pair of monopole and anti-monopole of magnetic charge ±m c ranging from zero to four by the monopole creation operator [3] . The total magnetic charge of the additional monopoles is zero. Hereafter, m c indicates that both the positive and negative magnetic charges ±m c are added. We locate the monopole and the anti-monopole at a given distance. We have found that this monopole creation operator only produces long monopole loops in configurations. The monopole density linearly increases with the monopole charge. We have shown that the additional monopoles do not affect the detection of the zero modes of the Overlap fermion by comparing the distributions of the topological charges with our predictions [4] .
Random matrix theory
The random matrix theory predicts universally the spectral density distributions of the Dirac operator. The microscopic spectral density is provided in Ref. [9] . In the ε regime, the distribution functions of the k-th smallest eigenvalues of the Dirac operator are derived in Ref. [10, 11] .
The nearest-neighbor spacing
The nearest-neighbor spacing distribution P(s) is used to check short range fluctuations in the eigenvalues [12] . The Gaussian ensembles can be classified (according to Wigner) into three different classes: the Gaussian orthogonal ensemble, the Gaussian unitary ensemble, and the Gaussian symplectic ensemble. The distribution function of the Gaussian unitary ensemble is given by
We suppose that the distribution of the nearest-neighbor spacing in this study is consistent with the unitary symmetry ensemble, because an evidence was shown by R. G. Edwards and his collaborators in Ref. [5] . Therefore, we examine the consistency of the distributions with the random matrix theory. First, we compute the distribution from actual spacing as follows: P act (s) ≡ 
. · · · is the average value on the number of configurations. The distribution is indicated by the red lines in Fig. 1 and 2 . Next, we compute the unfolding level spacing by the configuration unfolding process in Ref. [13] . We determine the smooth part of the cumulative spectral function N ave (λ ), by fitting the polynomial function (d = 5) to the mean values of eigenvalues λ i . The unfolding level spacing is computed as follows: P un f (s) ≡ N(λ i+1 ) − N(λ i ). The distribution is indicated by the blue lines in Fig. 1 and 2 . We normalize the distributions to unity.
Our data clearly obey the distribution of the Gaussian unitary ensemble P(s) (2.1) as shown in Fig. 1 and 2 . Moreover, the ensemble class is compatible with the result of Ref. [5] .
Scale-independence test
In the ε-regime of QCD, the random matrix theory predicts the distribution of the k-th scaled eigenvalue z k of the Dirac operator in each topological charge sector |Q| [10, 11] . The k-th scaled eigenvalue obeys the relation z RMT k,|Q| = ΣV λ k,|Q| .
2)
We compute the observable λ k λ j , which is independent of the scale parameter Σ, in order to check the low-lying spectrum of the Overlap Dirac operator [6] . We compare the results computed from configurations with additional monopoles, with the prediction of the random matrix theory. The results are consistent with the random matrix theory as shown in Fig. 3 . The spectra are not affected by the additional monopoles. Figure 4 : The comparisons of the distributions of the first eigenvalues in each topological charges sector |Q| = 0, 1, 2 with the random matrix theory. The smooth curves indicate the predictions from the random matrix theory. Our lattice data are scaled using the fitted results of Σ (2) in each |Q|.
Scale parameter Σ
The distribution functions of the first eigenvalues (k = 1) in each topological charge sector are derived from the random matrix theory as follows [5, 10, 11] :
is the modified Bessel function of the first kind, ν > 0. We evaluate the scale parameter Σ in two different ways. First, we analytically compute Σ (1) from Eq. (2.2) and (2.3). Second, we create functions with one free parameter (Σ (2) ) from Eq. (2.3). We determine Σ (2) by fitting the functions to the observed distributions of the lowest eigenvalues in each topological sector |Q| [5] .
We compare the distributions of the lowest eigenvalues in each topological charge sector with (2.3) as shown in Fig. 4 . The results are consistent. The mean values of Σ (1) and Σ (2) in each topological charge sector are consistent. We average the values of the three topological charge sectors. The scale parameter increases with the value of the magnetic charge as indicated in Table 1 .
The chiral condensate
We evaluate the regulated chiral condensate ψψ MS by the modified minimal subtraction (MS) scheme at 2 [GeV] based on Ref. [7] . There is a relation, in N f = 3 quark flavors, between the scale parameter and the chiral condensate as follows:
We use this relation, and evaluate the chiral condensate in quenched QCD from Σ and Z S . The renormalization group invariant (RGI) scale parameterΣ is calculated from the renormalization constant Z S . We compute Z S from the relation Z S = 1 Z M . Z M is computed by converting the bare quark to the RGI mass as follows:
m q r 0 is the bare quark (valence quark) mass. We set the reference quark mass x re f = 1.5736, therefore, U m = 0.181(6) [14] . We measure the pseudo-scalar mass to get m q r 0 at the reference mass, using the lattice of V = 14 3 × 28, β = 6.00, and N con f = 400 in each measurement. Here, the pseudo-scalar mass is measured by a subtraction of the scalar correlation from the pseudo-scalar correlation [15] . Next, the RGI scale parameterΣ iŝ
Σ is computed from V = 14 4 , andẐ S is computed from V = 14 3 × 28. Finally, we convertΣ to the MS scheme at 2 [GeV] as follows:Σ MS (2 [GeV]) =Σ/z, z = 0.72076. The values ofẐ S ,Σ, and the chiral condensates are summarized in Table 1 . Lastly, we briefly show the result of the chiral condensate at the continuum limit. We set one physical lattice volume V /r 4 0 = 49.96, and generate normal configurations by five different parameters of the lattice spacing (β = 5.812, 5.904, 5.989, 6.000, 6.068). The number of configurations (5) is O(1 × 10 3 ) in each β . We then compute the RGI scale parametersΣ in each β , from the scale parameters Σ (1) andẐ S .Ẑ S is analytically computed using an interpolating function in each β [7] . Finally, we interpolate the five RGI scale parameters to the continuum limit, and obtain a final result r 3 0Σ = 0.271 (12) . The chiral condensate at the continuum limit (r 0 = 0.5 [fm]) is
This result is consistent with Ref. [7, 16, 17] .
Chiral symmetry breaking and monopoles
In Fig. 5 
Summary and Conclusion
We computed the distributions of the nearest-neighbor spacing. We performed the scaleindependence test. We confirmed that monopoles do not affect the low-lying eigenvalues of the Overlap Dirac operator. The monopoles increase the scale parameter Σ. Finally, we have shown that the chiral condensate linearly decreases by increasing the monopole charges. This is an evidence that monopoles are related to the chiral symmetry breaking. The chiral symmetry breaking is induced by the monopole condensation in QCD.
